We consider a system of two spin-1 2 particles, initially in an entangled Bell state. If one of the particles is interacting with an environment (e.g. a collection of N independent spins), the two-particle system undergoes decoherence. Using a simple model of decoherence, we show that this process has two consequences. First, the maximal amount by which the CHSH inequality is violated decays to zero. Second, the set of directions of measurement for which the inequality is violated is reduced in the course of decoherence. The volume of that set is bounded above by const ·|r| 2 , where r is the decoherence factor.
In a model of local hidden variables (LHV) the statistical correlations of measurements on a composite physical system must obey certain bounds, called Bell inequalities [1, 2] . It is well known that for some quantum systems the observables can be chosen in such a way that at least one of the inequalities is violated [1, 2, 3] . Therefore, certain quantum systems cannot be described by an LHV model. Clauser, Horne, Shimony and Holt (CHSH) obtained [2] a Bell type inequality which provided a way to experimentally test the existence of nonlocal correlations for such systems. For a pair of spin-1 2 particles (such a particle can represent a qubit) the CHSH inequality can be written in the following form:
Here, E(a, b) denotes the expectation value of the product A 1 (a) · A 2 (b), where A k (a) is the result of a measurement of the k-th particle's spin projection in the direction a (A k takes the values ±1). Inequality (1) must hold if the results of spin measurements are described by an LHV model. Moreover, non-violation of (1) for arbitrary vectors a, a ′ , b, b ′ was shown [4] to be sufficient for the existence of such an LHV model for the pair of particles.
Consider now the singlet state of the two-particle system:
where |↑ and |↓ denote respectively the states with spin up or down along the Z axis. The operator which corresponds to the left-hand side of the CHSH inequality is given by
where a, a ′ , b, b ′ are unit vectors in R 3 , σ i are the Pauli matrices, a · σ = 3 i=1 a i σ i . Hence, the CHSH inequality can be written as | ψ|B CHSH |ψ | ≤ 2. The state (2) does not admit an LHV model, as the vectors a, a ′ , b, b ′ can be chosen in such a way that
Thus, the CHSH inequality is violated by the maximal amount possible for any state [3] . The volume of the set of all inequality-violating vectors a, a ′ , b, b ′ is significantly nonzero for the state (2) (we will show this below). Now suppose that one of the two particles (denote it by P) is in interaction with a many-particle environment E. This interaction can cause the two-particle system to undergo decoherence [5, 6, 7] , and the system will practically lose its quantum properties. The decay of Bell violation and entanglement measures of a decohering quantum system was studied recently in a number of works (see e.g. [9, 10, 11, 12] ). In this paper we show that in the model of decoherence we use, there are two ways in which partial decoherence affects the ability of our two-particle system to violate the CHSH inequality. First, the maximal amount by which the CHSH inequality can be violated for the system becomes of order |r| 2 for small |r|, where r is the decoherence factor. In addition, the volume of the set of vectors a, a ′ , b, b ′ for which the inequality is violated is bounded above by const · |r| 2 and hence tends to zero as r → 0.
We assume that the interaction which causes decoherence is such that |↑ and |↓ are the pointer states [7] for the particle P (an example is the spin-spin model which was studied by Zurek et al [5, 13] , if the selfHamiltonians of P and E are neglected). Then the evolution of the system can be described as follows. Suppose the combined P + E initial state has the form
Then the state at an arbitrary time is given by
where the decoherence factor r(t) = E ↓ (t)|E ↑ (t)
decays to zero as t increases. The reduced density matrix of P is then:
Therefore, for |r(t)| ≪ 1, the matrix ρ P is approximately diagonal in the pointer state basis {|↑ , |↓ }. Thus, in the process of decoherence the state of P becomes almost indistinguishable from a classical mixture of the pointer states |↑ , |↓ (with respective probabilities |a| 2 and |b| 2 ).
We now proceed to the derivation of our main results. Let S denote a system of two spin-1 2 particles, the second of which is interacting with an environment E in the way just described, which causes the system to undergo decoherence. We take the initial state of S to be the Bell state (2). Then the combined S + E state at time t is given by
Hence, the reduced density matrix of S in the basis |↑ |↑ , |↑ |↓ , |↓ |↑ , |↓ |↓ has the form
where r is defined by (7) . For a pair of photons described by a similar density matrix, maximal violation of the CHSH inequality was computed in [14] , although an analytic expression for the maximal violation was not given in that work. For our system the CHSH inequality can be written as
where B CHSH ρ = Tr (ρB CHSH ), with ρ given by (10) and the operator B CHSH by (3). Following [15] , we represent ρ in the form
where I is the identity matrix. Let T ρ be the matrix formed by the coefficients t nm . Then
As t nm = Tr (ρσ n ⊗ σ m ), we find that for the density matrix (10),
Introduce the matrix U ρ = T T ρ T ρ , where T T ρ is the transposition of T ρ , and let M (ρ) be the sum of the two largest eigenvalues of U ρ . It was shown in [15] that for a given density matrix the maximal value of | B CHSH ρ | with respect to the vectors a, a ′ , b, b ′ is 2 M (ρ). For the density matrix (10) we have
Therefore, for our system of two spin- 
Thus, the maximal value by which the CHSH inequality (11) can be violated for our system is of order |r| 2 for small |r|. In the case r = 0 the inequality is not violated regardless of the choice of vectors a, a ′ , b, b ′ .
We will now show that in the process of decoherence the set of directions of measurement for which the CHSH inequality is violated becomes reduced in comparison with that set for the initial state. First let us introduce some notation. For our density matrix (10), B CHSH ρ is a function of a, a ′ , b, b ′ and r. Its domain is V × C, where V is the product of four unit spheres:
Denote by L(r) the set of CHSH inequality-violating vectors:
Denote by V ol the natural measure on V obtained from the measure which describes area on S 2 . It will be shown below that
Hence, V ol [L(r)] → 0 as r → 0.
On the other hand, it is easy to see that for the initial state (2) the measure of the set of CHSH inequalityviolating vectors is significantly nonzero. To show this, we first construct a continous family of vectors for which the inequality is maximally violated, i.e. | B CHSH | = 2 √ 2. This can be done as follows. Consider any two mutually orthogonal unit vectors a ⊥ a ′ , and take
As the state (2) is described by the density matrix (10) with r = 1, from (14) we have T ρ = −I, where I is the identity matrix. Using (13), we find that B CHSH = 2 √ 2 for the chosen vectors a, a ′ , b, b ′ , which form a continuous family. From (13) we see that B CHSH is a quadratic form of the components of unit vectors a, a ′ , b, b ′ . Hence, the gradient of B CHSH is bounded above on V . Therefore, the family of vectors we just constructed has a neighbourhood of nonzero volume in which B CHSH > 2. Thus the set of inequalityviolating vectors for the state (2) is of significantly nonzero measure. From (18) we conclude that in the process of decoherence the set L(r) is greatly reduced.
We will now prove inequality (18). It can be found from Eqs. (13), (14) that
where the quantities Z and P are given by
Here, a denotes the projection of the vector a onto the xy plane, andα is the operator of rotation by angle α in that plane, with the angle defined by
From (22) we have |P | ≤ 2 √ 2. Hence, from (20) we obtain
we have L(r) ⊂ E(r) and
Note that the condition |Z| > 2 − 2 √ 2|r| which defines E(r) does not include P . This allows us to obtain an upper bound on the measure of E(r) in the following way. One can show that if 0
Similarly, if (a, a ′ , b, b ′ ) ∈ E(r), then also
1 In the proof of inequality (18) we may assume that √ 2|r| < 1 and hence k > 0.
Denote by S δ that part of the unit sphere x 2 + y 2 + z 2 = 1 where the condition |z| > 1 − δ holds. From (27), (28), we see that E(r) can be included into a union of four sets, each of which is the product of two entire spheres S 2 and two truncated spheres S δ (with δ = √ 2|r|). Those four sets have equal measures A( √ 2|r|) · A( √ 2|r|) · 4π · 4π, where A (δ) is the area of the set S δ on the unit sphere. Therefore,
Hence, as A (δ) is linear in δ, from (26) we obtain inequality (18).
In conclusion, we have shown that for the system we considered the maximal value by which the CHSH inequality can be violated is of order |r| 2 for small |r|, where r is the decoherence factor. Moreover, the volume of the set of inequality-violating directions of measurement is bounded above by const · |r| 2 and tends to zero as r → 0. These results show that as decoherence progresses, the nonlocality expressed in the violation of the CHSH inequality becomes weaker in two complementary ways.
I am grateful to V.A. Rubakov for setting this problem and for useful discussions.
